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ABSTRACT
We investigate the properties of accretion flows on to a black hole (BH) with a mass of MBH
embedded in an initially uniform gas cloud with a density of n∞ in order to study rapid growth
of BHs in the early Universe. In previous work, the conditions required for super-Eddington
accretion from outside the Bondi radius were studied by assuming that radiation produced at
the vicinity of the central BH has a single power-law spectrum ν−α at hν ≥ 13.6 eV (α ∼ 1.5).
However, radiation spectra surely depend on the BH mass and accretion rate, and determine the
efficiency of radiative feedback. Here, we perform two-dimensional multifrequency radiation
hydrodynamical simulations taking into account more realistic radiation spectra associated
with the properties of nuclear accretion discs. We find that the critical density of gas surrounding
the BH, above which transitions to super-Eddington accretion occur, is alleviated for a wide
range of masses of seed BHs (10  MBH/M  106) because photoionization for accretion
disc spectra are less efficient than those for single power-law spectra with 1  α  3. For
disc spectra, the transition to super-Eddington is more likely to occur for lower BH masses
because the radiation spectra become too hard to ionize the gas. Even when accretion flows
are exposed to anisotropic radiation, the effect due to radiation spectra shrinks the ionized
region and likely leads to the transition to a wholly neutral accretion phase. Finally, by
generalizing our simulation results, we construct a new analytical criterion required for super-
Eddington accretion; (MBH/105 M)(n∞/104 cm−3)  2.4(〈〉/100 eV)−5/9, where 〈〉 is the
mean energy of ionizing radiation from the central BH.
Key words: accretion, accretion discs – black hole physics – quasars: supermassive black
holes – cosmology: theory.
1 IN T RO D U C T I O N
Observations of bright quasars led by accreting supermassive black
holes (SMBHs) with masses of 109 M at high redshift z 6 (or
 1 Gyr from the Big Bang) require rapid growth of black holes
(BHs) in the early Universe (e.g. Fan et al. 2004; Mortlock et al.
2011; Wu et al. 2015; Ban˜ados et al. 2018). SMBHs are expected
to play crucial roles in the history of the Universe such as via
co-evolution with their host galaxies (e.g. Silk & Rees 1998; King
2003; Murray, Quataert & Thompson 2005; Kormendy & Ho 2013),
but their formation processes are still unclear.
 E-mail: takeo@kusastro.kyoto-u.ac.jp
A possible origin of high-z SMBHs is highly accreting stellar-
mass BH seeds with ∼ 100 M (e.g. Haiman & Loeb 2001;
Madau & Rees 2001; Volonteri, Haardt & Madau 2003; Li et al.
2007; Alvarez, Wise & Abel 2009; Alexander & Natarajan 2014a),
which are remnants of massive Population III stars (Pop III)
(e.g. Yoshida, Omukai & Hernquist 2008; Hosokawa et al. 2011;
Stacy, Greif & Bromm 2012; Hirano et al. 2014; Hosokawa et al.
2016). Accreting gas forms an accretion disc which radiates with a
luminosity of L = η ˙Mc2, where η is the radiation efficiency, ˙M is
the accretion rate, and c is the speed of light. For a rapidly accreting
BH, the radiation luminosity would exceed the Eddington value
LEdd, above which the radiation force due to electron scattering
overcomes the BH gravity. Thus, the accretion rate could be limited
at ˙M ≤ LEdd/(ηc2). As a result of this, the BH growth time-scale
from light seeds becomes significantly longer than the age of the
C© 2019 The Author(s)
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Universe when high-z SMBHs already exist ( 1 Gyr) in cases with
η ∼ 0.1 (Soltan 1982; Yu & Tremaine 2002). Thus, rapid growth of
BHs via super-Eddington gas accretion is an attractive pathway to
high-z SMBHs.
Another possibility is more massive BH seeds with ∼
103–105 M formed by direct collapse of supermassive stars in pro-
togalaxies (e.g. Loeb & Rasio 1994; Oh & Haiman 2002; Bromm &
Loeb 2003; Begelman, Volonteri & Rees 2006; Regan & Haehnelt
2009a, b; Hosokawa, Omukai & Yorke 2012; Hosokawa et al. 2013;
Inayoshi, Omukai & Tasker 2014; Visbal, Haiman & Bryan 2014;
Inayoshi & Tanaka 2015; Inayoshi, Visbal & Kashiyama 2015;
Chon et al. 2016; Regan, Johansson & Wise 2016a, b; Hirano
et al. 2017; Inayoshi, Li & Haiman 2018) and runaway stellar
collisions (e.g. Omukai, Schneider & Haiman 2008; Devecchi &
Volonteri 2009; Katz, Sijacki & Haehnelt 2015; Yajima & Khoch-
far 2016; Sakurai et al. 2017; Stone, Ku¨pper & Ostriker 2017;
Reinoso et al. 2018). Even for such heavy seeds, we need to
require a high duty cycle of BH growth at the Eddington accretion
rate.
The possibility of super-Eddington accretion has been explored
by many authors. In fact, some of ultra-luminous X-ray sources
are considered to be stellar-mass BHs accreting at super-Eddington
rates (Fabbiano, Gioia & Trinchieri 1989; King et al. 2001; Watarai,
Mizuno & Mineshige 2001), and narrow-line Seyfert-1 galaxies
are presumably super-Eddington accretors (e.g. Wang et al. 1999;
Mineshige et al. 2000). By means of two-dimensional radiation
hydrodynamical simulation, Ohsuga et al. (2005) have revealed
that supercritical accretion is realized as long as sufficient gas is
supplied at the vicinity of the central BH. Ohsuga & Mineshige
(2007) have concluded that trapping of diffusive photons in the
optically thick accretion disc and anisotropic radiation are crucial to
realize super-Eddington accretion (see also Begelman 1979; Ohsuga
et al. 2009; Ohsuga & Mineshige 2011; Jiang, Stone & Davis 2014;
Sa¸dowski et al. 2015; Takahashi et al. 2016; Kitaki et al. 2018).
On the other hand, gas supply from larger scale can be significantly
suppressed due to photoionization heating and radiation momentum
(e.g. Ciotti & Ostriker 2001; Alvarez et al. 2009; Ciotti, Ostriker &
Proga 2009; Milosavljevic´, Couch & Bromm 2009a; Milosavljevic´
et al. 2009b; Park & Ricotti 2011, 2012). Since the connection
between BH feeding and feedback has been understood poorly
yet, previous works with semi-analytical models adopted various
prescriptions for BH accretion rates in the assembly history of
dark matter haloes (e.g. Volonteri & Rees 2005; Tanaka & Haiman
2009; Alexander & Natarajan 2014b; Madau, Haardt & Dotti
2014; Pacucci & Ferrara 2015; Pezzulli, Valiante & Schneider
2016; Valiante et al. 2016; Pezzulli et al. 2017; Valiante et al.
2018).
Recently, Inayoshi, Haiman & Ostriker (2016) found the condi-
tions for supercritical accretion in a spherically symmetric system
exposed to intense radiation from the BH with L 
 LEdd. When
the size of an ionized region rHII surrounding the accreting BH
is smaller than the Bondi radius rB, the ionized region collapses
due to intense inflows of neutral gas and thus the accretion system
transits to an isothermal (≈8000 K) Bondi accretion solution with
a high accretion rate of 5000 LEdd/c2. The transition criterion is
written as
MBH × n∞  109 M cm−3 (T∞/104 K)3/2, (1)
where n∞ and T∞ are density and temperature of the ambient gas.
Even with super-Eddington radiation feedback (L > LEdd), the above
criterion does not change significantly (Sakurai, Inayoshi & Haiman
2016). Moreover, the criterion for supercritical accretion is allevi-
ated under anisotropic radiation fields (Sugimura et al. 2017; Takeo
et al. 2018). We note that the transition criterion is characterized by
a quantity of MBH × n∞ because rHII/rB ∝ (MBH × n∞)−2/3. Here
rHII is estimated by the Stro¨mgren radius
rStrm ≡
(
3 ˙Nion
4πn2HIIαB
)1/3
, (2)
where ˙Nion is the emission rate of ionizing photons, nHII is the
number density of ionized gas, and αB is the case B radiative
recombination rate.
The previous work assumed that radiation from the central region
has a single power-law (hereafter PL) spectrum with Lν ∝ ν−α ,
where the spectral index α is often set to 1.5 1 (see also Section 4).
However, the shape of the disc radiation spectrum would be more
complicated. According to the analytic solutions of accretion discs,
the disc surface temperature is described as Teff(R) ∝ R−p (e.g.
Mineshige et al. 1994; Kato, Fukue & Mineshige 2008), where R
is the distance from the central BH. Assuming the disc surface
locally emits blackbody radiation with Teff(R), the spectrum is
written as Lν ∝ ν3 − (2/p); Lν ∝ ν1/3 (p = 3/4) in the standard
disc case (Shakura & Sunyaev 1973), and Lν ∝ ν−1 (p = 1/2)
in the slim disc case (Abramowicz et al. 1988) (see Section 2.3
for more details). Moreover, since the disc temperature reaches
∼107 K, the maximum energy of the continuum spectrum is as
high as ∼ 1 keV (e.g. Watarai 2006), which is much higher than
the mean photon energy of the PL spectrum ≈ 40.8 eV. This fact
implies that radiative feedback effects for disc spectra are less
efficient than that for the PL spectrum because the cross-section
to bound-free absorption of hydrogen atoms is σ bf,H ∝ ν−3 (e.g.
Draine 2011). On the other hand, electrons primarily produced by
X-ray ionization are energetic enough to ionize the ambient gas (e.g.
Shull 1979; Shull & van Steenberg 1985; Ricotti, Gnedin & Shull
2002).
In this paper, we investigate the conditions for super-Eddington
accretion under radiation with disc spectra associated with the stan-
dard and slim accretion disc model. We performed two-dimensional
hydrodynamical simulations, including one-dimensional multifre-
quency radiation transfer and primordial chemical reaction net-
works. We first conduct simulations under isotropic radiation from
the central accretion disc. We construct an analytical formula for
the criterion required for super-Eddington accretion under isotropic
radiation and show that the conditions are alleviated for a wide range
of BH masses, compared to the cases with single PL spectra. Next,
we perform simulations of accretion flows exposed to anisotropic
radiation and investigate effects of the disc spectrum on to the inflow
rate and conditions for the transition to a wholly neutral accretion
phase.
The rest of this paper is organized as follows: in Section 2,
we describe the methodology of our numerical simulations. In
Section 3, we show our simulation results and give the conditions
required for super-Eddington accretion. In Section 4, we discuss
the analytical formula for the transition, the stability of highly
accreting system after the transition, and caveats of our simula-
tion set-ups. In Section 5, we summarize the conclusion of this
paper.
1Observed and calculated radiation spectra at 13.6  hν/eV  2 keV are
fit by power law with α ∼ 1.1–1.5 (Liu, Mineshige & Ohsuga 2003, and
references therein).
MNRAS 488, 2689–2700 (2019)
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2 ME T H O D S
Our goal is to study conditions for super-Eddington accretion led by
gas supply from larger scales. Gas accretion begins from a critical
radius, the so-called Bondi radius, defined by
rB ≡ GMBH
c2∞

 1.97 × 1014 mBH T −1∞,4 cm, (3)
and the Bondi accretion rate for isothermal gas is given by
˙MB ≡ πe3/2ρ∞ G
2M2BH
c3∞
, (4)
where mBH ≡ MBH/M, T∞,4 ≡ (T∞/104 K), c∞ ≡
√
γRT∞/μ¯ is
the sound speed, γ is the specific heat ratio, R is the gas constant,
and μ¯ is the mean molecular weight. Note that the Bondi radius and
rate as reference values are calculated by setting γ = 1, μ¯ = 1.23,
and T∞ = 104 K.
2.1 The code
We perform two-dimensional hydrodynamical simulations of ax-
isymmetric flows with one-dimensional radiation transfer and
chemical reaction networks (Takeo et al. 2018). Here we adopt the
hydrodynamical simulation code developed in Takahashi & Ohsuga
(2013). The advection terms for the ideal fluid are computed using
the Harten–Lax–vanLeer Riemann solver (Harten, Lax & van Leer
1983), and the second-order accuracy in space and time are ensured
(van Leer 1977). We adopt the spherical coordinates of (r, θ , φ)
with the polar axis (θ = 0 and π ) perpendicular to the disc plane.
We add the radiation and chemical codes taken from Inayoshi et al.
(2016) with necessary modifications.
2.2 Basic equations
The basic equations of the hydrodynamical part are the equation of
continuity
∂ρ
∂t
+ ∇ · (ρv) = 0, (5)
the equations of motion
∂ (ρvr )
∂t
+ ∇ · (ρvrv) = −∂p
∂r
+ ρ
(
v2θ
r
+ v
2
φ
r
)
− ρ ∂ψ
∂r
+ frad,
(6)
∂ (ρrvθ )
∂t
+ ∇ · (ρrvθv) = −∂p
∂θ
+ ρv2φ cot θ, (7)
∂
(
ρrvφ sin θ
)
∂t
+ ∇ · (ρrvφ sin θv) = 0, (8)
and the energy equation
∂e
∂t
+ ∇ · [(e + p)v] = −GMBHρ
r2
vr −  + . (9)
where ρ is the gas density, v = (vr , vθ , vφ) is the velocity, p is the
gas pressure, and frad is the radiation force. We consider the gravity
of the central BH (r = 0) and neglect the gas self-gravity. Since the
general relativistic effect is negligible, the gravitational potential is
given by ψ = −GMBH/r. The total energy per volume is defined
as e ≡ eint + ρ|v|2/2, eint is the gas internal energy density,  is
the cooling rate per volume, and  is the radiative heating rate. We
assume the equation of state of ideal gas as p = (γ − 1)eint for
γ = 5/3.
We solve the multifrequency radiative transfer equation
1
r2
d
dr
(r2Fν) = −ρκνcEν, (10)
where Fν is the radiation flux, Eν is the radiation energy density,
and κν is the absorption opacity. The radiation field is assumed
to be steady because the light crossing time is much shorter
than the hydrodynamical time-scale. The frequency range is set
to hνmin(= 13.6 eV) ≤ hν ≤ hνmax(= 100 keV), where h is the
Planck constant. We note that only the radial component of
the radiation flux is calculated because non-radial components
produced by radiative recombination is negligible (see Section 4
in Takeo et al. 2018). Since the ionized gas is optically thin to
electron scattering, we assume Fν = cEν on the right-hand-side of
equation (10).
We consider cooling processes associated with H, He, He+
atoms and free–free emission (Glover & Jappsen 2007), assum-
ing the optically thin cooling rates. In order to estimate their
rates, we solve chemical reaction networks including six species
of H, H+, He, He+, He++, and e−. The abundance of He nuclei
relative to H nuclei is set to 8.33 × 10−2. Here we consider
photoionization, collisional ionization, and radiative recombination
(Abel et al. 1997; Glover & Jappsen 2007), including effects of the
secondary ionization (see below). Photoionization due to diffusive
recombination photons is neglected, i.e. the case B recombination
rate is adopted instead of the case A rate. The cooling/heating term
in the energy equation (equation 9), the chemical reaction, and
the radiative transfer equation (equation 10) are updated with an
implicit method in order to solve them stably and save computation
time. We set the time steps by setting the Courant number to 0.4.
The ionization rate coefficients and photoionization heating rates
are calculated with the photon-conserving method (Whalen &
Norman 2006). The primary ionization rates kpph,i (i = H, He, and
He+) are estimated as
k
p
ph,i =
∫ νmax
νmin
dν
Fν
hν
σbf,i , (11)
where σ bf,i is the bound-free cross-section. Since the energy
of electrons produced by primary ionization is higher than the
ionization potential energy, the electrons further ionize neutral
hydrogen nearby (e.g. Shull 1979; Shull & van Steenberg 1985).
The secondary ionization rates for species j = H, and He are
ksph,j =
∑
i=H,He
∫ νmax
νmin
dν
Fν
hν
σbf,j 
j (Ei, xH+ )
xi
xj
, (12)
where xj is the abundance of species j, j (Ei, xH+ ) is the fraction
of secondary ionization of species j per primary electron of energy
Ei ≡ hν − Ii, and Ii is the ground-state ionization potential energy
of the species i. The total photoionization rate is given by the sum of
primary and secondary ionization rates. The photoionization heating
rate (i = H, He, and He+) is
i =
∫ νmax
νmin
dν
Fν
hν
σbf,i Eh(Ei, xH+ ), (13)
Eh is the energy of primary electrons deposited as heat. We adopt the
functional forms of H, He, and Eh (Ricotti et al. 2002). Note that
secondary ionization of He+ is negligible (Shull & van Steenberg
1985). The radiation force caused by electron scattering and bound-
MNRAS 488, 2689–2700 (2019)
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free absorption is given by
frad = nxe
c
∫ νmax
νmin
σesFνdν + 
p
c
, (14)
where p is the sum of the heating rates due to primary ionization
of H, He, and He+ atoms.
2.3 Disc radiation models
In order to study the effect of radiation produced from the nuclear
accretion disc, we adopt models for the radiation spectra. Since
the accretion rate through the disc we consider is as high as m˙ ≡
˙M/ ˙MEdd  10−2, where ˙MEdd ≡ LEdd/c2 and LEdd is the Eddington
luminosity, the disc emission can be approximated as multicolour
blackbody spectra (e.g. Kato et al. 2008). The specific radiation
luminosity is calculated as
Lν = 2
∫ Rout
Rin
dR 2πR Bν[Teff (R)], (15)
where Bν(Teff) is the blackbody intensity with an effective temper-
ature of Teff, and Rin(out) is the inner (outer) radius of the disc (R is
the radius of the cylindrical coordinate). The disc outer radius is set
to Rout = 104 rSch as our fiducial value, where rSch ≡ 2GMBH/c2 is
the Schwarzschild radius. Note that we discuss the dependence
of our results on the choice of Rout in Section 4. For m˙ < 10,
we set the inner disc radius to the innermost stable circular orbit
(ISCO) for a non-spinning BH (Rin = 3 rSch). In the slim disc
cases with m˙ > 40, we set Rin = 1.1 rSch because the gas is
optically thick even inside the ISCO. For 10 ≤ m˙ ≤ 40, we estimate
Rin with a linear interpolation in the plane of log m˙– log Rin. The
radial structure of the effective temperature is given by Watarai
(2006) as
Teff (R) = 2.5 × 107 K f 1/8
(mBH
10
)−1/4( R
rsch
)−1/2
F (R, m˙),
(16)
where
F (R, m˙) ≡
⎧⎪⎨
⎪⎩
(
1 − √3rSch/R
)1/4 for m˙ ≤ 10,(
1 − √Rin/R
)1/4 for 10 < m˙ < 40,
1 for m˙ ≥ 40,
(17)
and f is a function of R and m˙ which connects the standard and
slim disc solution smoothly. 2When the accretion rate is sufficiently
high (m˙  1), the advection cooling time-scale is shorter than the
photon diffusion time-scale within a characteristic radius, so-called
the photon-trapping radius Rtr ≡ m˙rSch, where f 
 1 and F 
 1. At
R  Rtr, optically thick radiative cooling in the disc is dominant
and f ∝ R−2. Thus, most of the radiation is produced within the
2The function f is defined as a ratio of the advection cooling rate to the
viscous heating rate at radius R and satisfies
f = 0.5
(
D2X2 + 2 − DX
√
D2X2 + 4
)
, (18)
where X ≡ R/(m˙rSch), and we set D = 2.81.
trapping radius, and the bolometric luminosity is expressed as
L
LEdd
= 2
[
1 + ln
(
m˙
20
)]
, (19)
for m˙ > 20 (Watarai et al. 2000). We also model the angular
dependence of radiation fields in the same way as in Takeo et al.
(2018),
Fν(r = rmin, θ ) = (N + 1)Lν4πr2min
cosN θ, (20)
where rmin is the size of the innermost grid (see Section 2.5) and
N characterizes the anisotropy of radiation fields. In this study,
we explore both isotropic cases (N = 0) and anisotropic cases
(N = 4).
Furthermore, we consider the photon redshift effect, i.e. the
radiation intensity observed at infinity Iνobs is connected with the
intensity Iνem at the photon-emitting point (R = Rem) on the disc
surface as Iνobs = (νobs/νem)3Iνem , where we assume νobs/νem = (1
− rSch/R)1/2 for simplicity. 3
2.4 Emergent spectra from the disc
In the top panel of Fig. 1, we show the spectral shape of radiation
from an accretion disc around the central BH with mBH = 10 at an
accretion rate of m˙ = 1 (blue) and m˙ = 103 (red). For the standard
disc case (m˙ = 1), the spectrum is expressed by a multicolour
blackbody spectrum of
LD,stν = 5.7 × 1013 m4/3BH m˙2/3 ν1/3 erg s−1 Hz−1 (21)
at the frequency range of νout  ν  νpeak, where
νout ≡ 3.16 × 1018 m−1/4BH m˙1/4
(
Rout
rSch
)−3/4
Hz (22)
is the frequency of photons emitted from R = Rout and
νpeak ≡ 1.01 × 1017m−1/4BH m˙1/4 Hz (23)
is the peak frequency of the spectrum. The spectral shape is
expressed by the Rayleigh–Jeans slope (Lν ∝ ν2) at ν < νout, and
has an exponential cut-off, the so-called Wien cut-off, at ν > νpeak.
For the slim disc case (m˙ = 103), the disc spectrum has an
additional component associated with the modification of the
effective temperature as described in equation (16),
LD,slimν = 5.15 × 1038 mBH ν−1 erg s−1 Hz−1, (24)
at the frequency range of ν tr < ν < νpeak, where
νtr ≡ 1017(mBH/10)−1/4(m˙/103)−1/2 Hz (25)
corresponds to the frequency of photons emitted from Rtr.
In the bottom panel of Fig. 1, we compare three different radiation
spectra: a single PL with an index of α = 1.5 (black), and disc
spectra with MBH = 10 (red), and 105 M (blue) for m˙ = 103. The
disc spectrum with mBH = 10 is harder than the PL spectrum: in fact,
the difference of the luminosities at hν = 13.6 Hz is the order of
3Although general relativistic (GR) effects on accretion discs are studied
recently (e.g. Sa¸dowski et al. 2015; Takahashi et al. 2016; Narayan,
Sa¸dowski & Soria 2017), we do not adopt the details of their findings in
our disc model. In fact, GR effects would not be so important for super-
Eddington accretion discs because the photosphere rph ∼ m˙rg becomes
much larger than the Schwarzschild radius (e.g. Kitaki et al. 2017).
MNRAS 488, 2689–2700 (2019)
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Figure 1. Spectral models for radiation emitted from the nuclear BH
accretion disc. In the top panel, disc spectra with mBH = 10 for m˙ = 1
(blue; the standard disc) and m˙ = 103 (red; the slim disc) are shown. Note
that non-ionizing photons with lower energies of hν < 13.6 eV (dashed)
are not taken into account. In the bottom panel, we present disc spectra with
m˙ = 103 for mBH = 10 (red) and mBH = 105 (blue), and the PL spectrum
Lν ∝ ν−1.5 with m˙ = 103 (black).
∼102. The disc spectrum becomes softer as the BH mass increases
following Teff ∝ m−1/4BH .
2.5 Initial and boundary conditions
We set a computational domain of rmin ≤ r ≤ rmax and 0 ≤ θ ≤ π ,
where (rmin, rmax) = (0.007 rB, 6 rB) for isotropic radiation, and
(rmin, rmax) = (0.07 rB, 60 rB) for anisotropic radiation. In the case
with anisotropic radiation, we set a larger simulation box because
the ionized region towards the bipolar directions tends to be larger
than that in isotropic cases. We set logarithmically spaced grids in
the radial direction and uniformly spaced grids in the polar direction.
The number of the grid points is set to (Nr, Nθ ) = (100, 120).
As our initial conditions, we set a neutral uniform and static
(v = 0) gas cloud with a density n∞ and temperature T∞ = 104 K.
The BH mass is assumed to be constant throughout the simulations.
Since our main goal is to derive the conditions for super-Eddington
transitions, we explore a wide range of the ambient density and
BH mass: 104 ≤ n∞/cm−3 ≤ 3 × 109 and 1 ≤ MBH/M ≤ 105.
Our model set-up with isotropic radiation is summarized in Table 1.
We impose the absorption inner-boundary conditions which damps
the gas density, the velocity, and gas pressure smoothly (e.g. Kato,
Mineshige & Shibata 2004), and the free outer-boundary conditions
for three components of the velocity and the specific entropy. We
also fix the same gas density at r = rmax as the initial value for
grids with an inflow velocity i.e. vr(r = rmax) < 0, otherwise the
free boundary condition is imposed for the density. The reflection
Table 1. Model parameters and results for isotropic radiation cases.
Model MBH(M) n∞(cm−3) Transition ttran,end (tdyn)
1e0M18N0 1 1 × 108 N 5.2
1e0M38N0 1 3 × 108 N 5.2
1e0M58N0 1 5 × 108 Y 4.3
1e0M19N0 1 1 × 109 Y 1.8
1e0M39N0 1 3 × 109 Y 0.75
1e1M37N0 10 3 × 107 N 5.5
1e1M18N0 10 1 × 108 Y 2.9
1e2M36N0 102 3 × 106 N 5.6
1e2M17N0 102 1 × 107 Y 4.4
1e2M37N0 102 3 × 107 Y 1.6
1e5M14N0 105 1 × 104 N 6.8
1e5M34N0 105 3 × 104 Y 6.1
1e5M54N0 105 5 × 104 Y 2.7
1e5M15N0 105 1 × 105 Y 1.3
Note. Column (1) model ID, (2) BH mass, (3) ambient gas density, (4)
symbols Y (N) denoting that the transition occurs (does not occur) within
the simulation time, and (5) the time when the transition occurs ttran (bold)
and the duration tend (thin, for models without transitions) in units of
tdyn(≡rB/c∞).
Figure 2. Time evolution of accretion rates on to a BH with a mass
of MBH = 105 M embedded in a gas cloud with different densities of
n∞ = 104 (black), 3 × 104 (red), 5 × 104 (green), and 105 cm−3
(blue). For the lowest density (n∞ = 104 cm−3), the gas accretion occurs
episodically due to photoionization and heating. For higher densities with
n∞ > 3 × 104 cm−3, the accretion rates behave similarly in the early stages
where the rates are limited around ˙M = 10 ˙MEdd (black dashed), but transit
into rapid accretion phases where the rates are approximated as the Bondi
accretion rates for the given ambient densities (horizontal dotted lines). The
transition epochs are marked by open circles. The open squares indicate the
epochs at which we show the radial profiles in Fig. 3.
symmetry with respect to the polar axis is imposed for non-radial
components of the velocity.
3 R ESULTS
Fig. 2 presents the time evolution of accretion rates on to a BH
withMBH = 105 M for n∞ = 1 × 104 cm−3 (black), 3 × 104 cm−3
(red), 5 × 104 cm−3 (green), and 1 × 105 cm−3 (blue). The horizon-
tal dashed line shows the Eddington accretion for a 10 per cent of
the radiation efficiency.
For the lowest density of n∞ = 1 × 104 cm−3 (Model
1e5M14N0), the accretion rate behaves episodically due to radiative
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Figure 3. Radial structure of the gas density (top), temperature (middle), neutral fraction (bottom) at the equatorial plane. In the left-hand panels, we present
the profiles for Model 1e5M14N0, where the accretion occurs episodically without a transition to super-Eddington phases, at three different epoch during an
oscillation: t/tdyn = 1.46 (dotted), 1.55 (solid), and 1.69 (dashed). In the right-hand panels, we show those for Model 1e5M15N0, where the accretion rate
transits to a super-Eddington value, at t/tdyn = 0.334 (dotted), 1.25 (solid), and 1.38 (dashed). For the case without the transition, the location of the ionization
front rHII is outside the Bondi radius, while the ionized region is always confined inside the Bondi radius for the case with the transition.
heating (black curve in Fig. 2). The physical origin of the oscillation
is explained in what follows. In Fig. 3 (left-hand panel), we
present the radial structure of the gas density, temperature, and
neutral fraction at different three epochs in an oscillation period.
For this case, radiation associated with BH accretion propagates
outwards, and the gas outside the Bondi radius is ionized and
heated up (rHII > rB, see phase I). Inside the ionized region,
ionized gas within a new sonic radius at 
 0.1 rB for the hot
gas with T ∼ 105 K can accrete on to the central region, while
gas outside the radius flows outwards. As a result, a density
cavity forms within the ionized region, where the outward and
inward gas pressure forces are balanced. When the ionized gas is
depleted from the ionized region, a density bump forms inside the
ionization front because pressure inside decreases (phase II). This
density bump provides a positive pressure gradient (∂p/∂r > 0)
and accelerate gas accretion (m˙ ≈ 7.46, phase III). This episodic
behaviour has been studied in detail in previous studies (e.g. Ciotti &
Ostriker 2001; Milosavljevic´ et al. 2009a; Park & Ricotti 2011,
2012). The time-averaged accretion rate results in as small as
〈 ˙M〉 ≈ 1.6 ˙MEdd.
With the highest ambient density (n∞ = 105 cm−3), the episodic
accretion behaviour ceases unlike the lowest density case. Instead,
the accretion rate has a big jump to a very high value (red, green, and
blue curves in Fig. 2). The open circles indicate the epochs when
transitions to super-Eddington accretion occur. In Fig. 3 (right-
hand panel), we present the radial structure of the gas density,
temperature, and neutral fraction for the highest density (Model
1e5M15N0) at different three epochs of t/tdyn = 0.334 (phase 1),
1.25 (phase 2), and 1.38 (phase 3). At the beginning, an ionized
region forms and the gas is heated up to T ∼ 105 K as in the lowest
density case. However, because of the higher density, the size of the
ionized region never becomes larger than the Bondi radius (rHII <
rB). As a result of this, a dense shell forms at rHII  r  rB and
pushes the ionized gas inwards (phase 2). During the transition, the
ionized region shrinks and disappears because of efficient radiative
recombination (phase 3). The accretion rate jumps dramatically
because the dense shell collapses and supplies a large amount of
gas. Thus, the accretion flow settles down to an isothermal Bondi
accretion solution with T ≈ 8000 K (blue dotted line).
For the intermediate values at 104 cm−3 < n∞ < 105 cm−3, the
accretion rate begins to rise drastically at the transition epochs
where a neutral shell infalls into the centre as shown in the previous
case. However, the accretion rate oscillates in short-time durations
without settling to steady states as shown by red curve because in the
burst phases, radiation force slightly exceeds ram pressure of neutral
gas inflows and a tiny ionized region forms transiently. As a result,
the time-averaged accretion rate is as high as 〈m˙〉 
 2.9 × 103.
We note that this episodic behaviour seems a numerical artefact.
As discussed in Section 4.2, if all the radiation from the nuclear
accretion disc was injected at a radius much larger than the true
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Figure 4. Summary of the results for different values of the BH mass MBH and ambient gas density n∞ for isotropic radiation. Each circle symbol indicates
whether the transition to super-Eddington accretion occurs (blue) or the accretion rate behaves episodically (orange). The transition criterion for disc spectra
and a single PL spectrum (Lν ∝ ν−1.5) are shown by red and black curves, respectively. The dashed line presents the stability conditions of rapid accretion
after the transition, i.e. inward ram pressure of the inflow overcomes outward force caused by radiation with L > LEdd (see Section 4.2). The shaded region in
the left-hand panel denotes the parameter space where the transition criterion is alleviated from that for the PL spectrum and the subsequent super-Eddington
accretion is stable.
location of photosphere (i.e. rmin > rph), ram pressure of the inflow
at the ionization front could be significantly underestimated and
become weaker than radiation force. Furthermore, the luminosity
of ionizing photons injected at rmin would be overestimated because
the true spectrum after the transition would be softer than the slim-
disc one. Thus, the two effects are expected to cease the numerical
artefact. We demonstrate this for the case of n∞ = 5 × 104 cm−3
(green curve), 4 by replacing the spectrum with a dilute blackbody
spectrum with an effective temperature of Teff = (L/4πR2trσSB)1/4,
where σ SB is the Stefan–Boltzmann constant, and rph ≈ Rtr is
approximated. Note that this is a conservative treatment because
the trapping radius is always located inside the photosphere, and
the effective temperature measured with Rtr is higher than the true
one. As a result, we find that a super-Eddington transition stably
proceeds and the accretion flow approaches an isothermal Bondi
profile.
In Fig. 4, we summarize our results for different values of
MBH and n∞ under isotropic radiation with spectra associated with
accretion discs. Each circle symbol indicates whether the transi-
tion to super-Eddington accretion occurs (blue) or the accretion
rate behaves episodically without the transition (orange). For the
latter cases, we follow the simulations over t > 5 tdyn, which is
long enough to confirm the result. The red solid (black solid)
line presents the transition criterion under the disc (single PL)
spectrum (see Section 3.1 for derivation). The critical density for
the transition ncrit is significantly reduced for lower BH masses with
disc spectra. In fact, we find that ncrit,D(MBH) 
 0.1 ncrit,PL(MBH)
for MBH  102 M, and ncrit,D(MBH) 
 0.6 ncrit,PL(MBH) for
MBH 
 105 M.
4Numerical simulations setting a smaller value of rmin require a long
computational time until the accretion flow reaches the final steady state.
Instead of this treatment, we decide to replace the radiation spectrum by a
more realistic one with a lower mean photon energy.
3.1 Analytic arguments: the transition criterion
We here give a simple analytic argument for the conditions required
for super-Eddington accretion, taking into account the radiation
spectral effect. As discussed in Inayoshi et al. (2016), the transition
conditions are well explained by the comparison of the Bondi radius
and the size of the ionized region (see equations 2 and 3). For disc
spectra, the number rate of ionizing photons absorbed by neutral
hydrogen within the ionization front is estimated as
˙Nion,D 

∫ ∞
νmin
dν
LD,stν
hν
≈ 1.22 × 1046m5/4BHm˙3/4 s−1, (26)
where ˙Nion,D is the ionizing photon number flux (in units of s−1) and
LD,stν is the specific luminosity of radiation produced from a standard
accretion disc because the BH accretion rate is sub-Eddington
value (m˙ 
 10) before the transition. In the last expression, we
neglect the contribution from ionizing photons with ν ≥ νpeak =
1017m−1/4BH m˙1/4 Hz. 5Note that this approximation causes at most
20–40 per cent differences from the numerically integrated values
for lower BH masses with MBH  105 M. Therefore, we obtain
the ratio of the two radii
rHII/rB ∝ ( ˙Nion,D)1/3n−2/3∞ M−1BH
∝
(
M
7/8
BH × n∞
)−2/3
, (27)
which nicely agrees to the transition criterion shown in Fig. 4
(red). When the mean photon energy of the radiation spectrum
is harder, the ionizing photon number flux becomes smaller for a
given bolometric luminosity. Since the intrinsic radiation spectrum
is harder for the lower BH mass, the photon absorption rate ˙Nion,D
becomes lower, and the size of the ionized region becomes relatively
5Ionizing photons at frequencies of ν  1017 Hz are hardly absorbed by
neutral gas even outside the ionization front because of the steep frequency
dependence of absorption cross-section of neutral hydrogen (σH ∝ ν−3).
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Figure 5. The ratio ˙Nion,D/ ˙Nion,PL as a function of mBH where m˙ = 10 is
set. The red solid curve (black dashed line) presents the value calculated
numerically (analytically, see equation 29). For higher BH masses, the
analytic formula (equation 29) is no longer valid because the peak frequency
of the spectrum becomes comparable to the ionization threshold energy.
Figure 6. The fraction of secondary ionization of H atoms per primary
electron of energy Ei0,ν = hν − IH with xH+ = 10−3 (blue), 10−1 (green),
0.4 (red), and 1.0 (black).
smaller. Therefore, the transition to super-Eddington accretion is
more likely to occur.
It is worth comparing the transition criteria for disc spectra to
those for PL spectra. Since the ionizing photon number flux for a
PL spectrum with α = 1.5 is estimated as
˙Nion,PL ≈ 2.46 × 1047 mBHm˙ s−1, (28)
where L/LEdd 
 0.1 m˙ at m˙  20, therefore we obtain the ratio of
the two photon number fluxes
˙Nion,D
˙Nion,PL
= 4.96 × 10−2 m1/4BHm˙−1/4. (29)
Note that the above scaling relation is valid for lower BH masses
with MBH  105 M (see black dashed in Fig. 5). Since the peak
energy for higher BH masses becomes as low as the ionization
threshold energy, the ionization photon number sharply drops for
higher BH masses (see red curve Fig. 5), and thus the radiation
feedback effect is significantly reduced.
We briefly mention the effects of secondary ionization on our
results. In Fig. 6, we show the efficiency of secondary ionization
of H atoms per electron produced by primary ionization with an
Figure 7. The critical value of MBH × n∞ for the transition as a function of
the mean photon energy 〈〉 for different radiation spectra. The red circles
show the numerical results for disc spectra with different BH masses. The
critical value is well explained by the dashed line: MBH × n∞ ∝ 〈〉 −5/9
in 70  〈〉/eV  800. The blue circles represent the analytical results for
PL spectra with different PL indexes of α, which are explained by the blue
solid line: MBH × n∞ ∝ 〈〉 −1/2.
energy of EH = hν − IH for different electron fractions of 10−3 ≤
xH+ ≤ 1.0 (from the top to the bottom). The horizontal dashed
line presents H(EH, xH+ ) = 1, above which secondary ionization
becomes more effective than primary ionization. Since the photons
causing primary ionization are at ν  1017 Hz, the primary electrons
hardly contribute to secondary ionization until the ionization degree
increases to ∼0.4. As a result, secondary ionization can enhance the
ionization degree near the ionization front, but does not expand the
size of the ionization region.
4 D ISCUSSION
4.1 Mean photon energy and transition criterion
As described in Section 3.1, the transition criterion for super-
Eddington accretion depends on the shape of radiation spectra.
Here, we generalize the criterion and rewrite the critical value of
MBH × n∞ as a function of the mean photon energy. In Fig. 7,we
summarize our simulation results for isotropic radiation. The red
circles present the results for disc spectra for different BH masses
of MBH = 1, 10, 102, and 105 M. By setting the accretion rate
to m˙ = 10, we obtain the relation 〈〉 = 7.7 × 102 m−0.23BH eV. Thus,
the transition criterion is expressed as
MBH × n∞  2.4 × 109 M cm−3
( 〈〉
100 eV
)−5/9
. (30)
Note that this equation is no longer valid for 〈〉  70 eV, and the
critical value sharply drops at 〈〉  20 eV. In addition, blue circles
present the critical values for PL spectra (Lν ∝ ν−α ; 1.1 ≤ α ≤ 3.0),
where the mean photon energy is 〈〉 = hνmin α/(α − 1) for α >
1, independent of both mBH and m˙ (see also Park & Ricotti 2012).
In the cases, the transition criterion is expressed as
MBH × n∞ = 3.2 × 109 M cm−3
( 〈〉
100 eV
)−1/2
, (31)
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Table 2. The photon number flux and mean photon energy affected by
Comptonization.
MBH/M ˙N ′abs/ ˙Nion,D 〈
′ 〉/eV 〈〉D/eV
10 8.4 × 10−2 2.0 × 103 4.0 × 102
102 8.8 × 10−2 1.6 × 103 2.4 × 102
103 9.3 × 10−2 1.2 × 103 1.5 × 102
104 0.11 7.2 × 102 94
Note. The number flux of ionizing photons absorbed by neutral hydrogen is
calculated by ˙N ′abs =
∫∞
νmin
dνL′ν (1 − e−τν )/(hν), where the spectral shape
of L′ν is taken from the results of Kitaki et al. (2017), and the optical depth is
estimated at the Bondi radius as τ ν = n∞rBσH. The mean photon energies
of 〈 ′ 〉 and 〈〉D are estimated by taking the data from Kitaki et al. (2017)
and by assuming the disc spectra, respectively. The accretion rate is set to
m˙ = 103.
Figure 8. Dependence of radiation spectra on the choice of the disc outer
edge: Rout = 10 rSch (red solid) and 104 rSch (black dashed). We adopt
MBH = 10 M and m˙ = 10.
which corresponds to the dashed line in Fig. 7. Note that the PL
spectrum is normalized as ηm˙LEdd =
∫∞
νmin
dνLν , where η = 0.1.
Radiation spectra we observed in BH accreting systems are more
complex than we considered in this paper. In some cases, radiation
spectra consist of two components: thermal emission from the
nuclear disc and non-thermal emission with PL spectra produced
by Compton up-scattering in a hot corona (e.g. Haardt & Maraschi
1991; Svensson & Zdziarski 1994; Liu, Mineshige & Shibata
2002; Liu et al. 2003; Done & Kubota 2006). For super-Eddington
accreting systems such as ULXs, a PL component is produced by
a radiation-pressure-driven, hot (∼107.5–108 K) outflow where soft
photons from the accretion disc are hardened by both thermal and
bulk Comptonization (e.g. Kawashima et al. 2009, 2012; Kitaki
et al. 2017; Narayan et al. 2017). In the following, we discuss three
effects changing the mean photon energy from disc spectra.
Recently, Kitaki et al. (2017) studied radiation spectra of super-
Eddington accretion flows on to a BH with 10 ≤ MBH/M ≤ 104
under a mass inflow rate of m˙ 
 103 at R = 103 rSch. With Monte
Carlo radiation transfer calculations, they found that a significant
excess in the spectrum is produced at hν  a few × keV due
to Comptonization. In Table 2, we summarize the number flux of
ionizing photons absorbed by neutral hydrogen and mean photon
energy estimated by taking the data from Kitaki et al. (2017) (lower
panels of their Fig. 5). Compared to the cases assuming disc spectra,
the mean energies are boosted by a factor of 5–8. Since such
hard X-rays with hν  keV are hardly absorbed even by neutral
hydrogen, the numbers of absorbed photons are reduced by one
order of magnitude ( ˙N ′abs/ ˙Nion,D 
 0.1). Therefore, the transition
criterion is alleviated by a factor of ≈3.
The size of the nuclear accretion disc would affect the feedback
efficiency because ionizing photons with 13.6 eV  hν  1 keV
are produced from larger disc radii. In Fig. 8, we demonstrate the
dependence of radiation spectra on the choice of the disc outer edge:
Rout = 104 rSch (black) and 10 rSch (red) for MBH = 10 M and
m˙ = 10. For Rout = 10 RSch, the spectrum is no longer expressed
as a multicolour blackbody spectrum but by the Rayleigh–Jeans
law. Thus, the number flux of ionizing photons at ν  3 × 1017 Hz
is significantly reduced and the mean photon energy increases to
〈〉 
 1.3 keV from 〈〉 
 450 eV. As a result, the critical value for
the transition would be reduced only by a factor of ≈2. If Rout is
much larger than the fiducial value, the emission rate of photons
would increase only in the energy range with hν < 13.6 eV. Since
these photons are less energetic to ionize the ambient gas, the
radiative feedback would not be enhanced, and the critical value
for transitions would not be changed6 .
In addition, the existence of dust grains in accretion flows
significantly change the spectral shape due to UV attenuation
caused by dust absorption and thus alleviate the criterion for super-
Eddington accretion significantly. Recent work by Toyouchi et al.
(2019) has found that rapid accretion of metal-polluted gas is
allowed as long as Z  10−2 Z, because ionizing radiation from
the central BH is absorbed and re-emitted to infrared lights with
lower energies (hν  13.6 eV).
4.2 Stability condition
We briefly discuss the stability of accretion flows at a very high
inflow rate of m˙ > 103, exposed to intense radiation with a
luminosity of L > LEdd (see also Sakurai et al. 2016). As shown
in Fig. 3, during the transition a dense shell of neutral gas pushes
the ionization front and a neutral region propagates inwards where a
high accretion rate builds up. Thus, when the central BH is actually
fed by the inflow and produces intense radiation, the accreting
flow would already settle in an isothermal Bondi solution with
T ≈ 8000 K. However, the accretion flow cannot be neutral all the
way down to the BH, but is ionized at a smaller radius rph where the
flow becomes optically thick to continuum absorption. Considering
H− bound-free absorption opacity, we can estimate the location of
the photosphere7 as
rph 

(
3GMBH ˙MB
8πσSBT 4ph
)1/3

 7.1 × 1013 cm
(
m˙
104
)1/3(mBH
104
)2/3
,(32)
where the photospheric temperature is set to Tph = 2 × 104 K
6The choice of Rout depends on the angular momentum of inflowing gas
from the Bondi radius. When the gas is optically thin to Ly α lines, a
quasi-hydrostatic dense torus with a constant temperature of T 
 8000 K
forms around the centrifugal radius of rcent (<rB). As long as the angular
momentum is so small that rcent  0.03 rB is satisfied, the rate of accretion
driven by viscosity can be comparable to the Bondi rate (Sugimura et al.
2018).
7In a partially ionized region, the strong dependence of opacity on gas
temperature leads to a thermal-ionization instability (e.g. Meyer & Meyer-
Hofmeister 1981; Kato et al. 2008). Though the location of the photosphere
rph results is time-dependent, our order-of-magnitude estimate is not
significantly changed.
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Figure 9. Two-dimensional distribution of the gas density (left-hand panels) and the temperature (right-hand panels) under the disc spectrum (top panels) and
the PL spectrum (bottom panels) in cases with 1 M, 109 cm−3, andN = 4. The elapsed time is t = 1.7 × 102 yr = 20 tdyn.
(Inayoshi et al. 2016). Assuming that all incident radiation emitted
from the photosphere is absorbed by the inflowing neutral gas and
deposits momentum of L/c, the inflow velocity of neutral gas is
accelerated to the free-fall value vff and push the gas at rph with
ram pressure of ˙MBvff . Therefore, the stability condition for super-
Eddington accretion (i.e. ˙MBvff  L/c) is rewritten as
L
LEdd
 83
(
m˙
104
)5/6 (mBH
104
)1/6
. (33)
As shown in Fig. 4, super-Eddington accretion for higher BH masses
(MBH  102 M) satisfy the stability condition after the transition
occurs.
4.3 Cases with anisotropic radiation
We also examine cases with anisotropic disc radiation spectra.
Under anisotropic radiation with a PL spectrum, hot ionized gas
expands towards the bipolar directions, and the neutral warm
gas with T 
 8000 K accretes through the equatorial plane at
a rate of ˙M 
 ˙MB sin  (Sugimura et al. 2017; Takeo et al.
2018), where  is the half angle of the neutral region measured
from the equator. Moreover, the transition to efficient accretion
where the entire region is covered by neutral gas occurs when
MBH × n∞  5 × 1010 M cm−3 is satisfied (Takeo et al. 2018).
We mention how those features are affected by disc spectra in cases
with/without transitions, respectively.
In cases without transitions, we compare a quantity of sin 
for the two cases. Fig. 9 presents two-dimensional distribution
of the gas density (left-hand panels) and temperature (right-
hand panels) under the disc spectrum (top) and the PL spectrum
(bottom) for MBH × n∞ = 109 M cm−3 and N = 4 (hereafter
Model 1e0M19N4; ˙MB/ ˙MEdd = 7000). The half angle for the disc
spectrum (D 
 19◦) at the Bondi radius becomes twice larger than
that for the PL spectrum (PL 
 10◦ ). We can estimate the opening
angle by solving rB = rHII (), where
rHII () ≈
[
3(N + 1) ˙Nion sinN 
4πn2αB
]1/3
, (34)
and the angular dependence reflects the anisotropic radiation flux
given in equation (20). Therefore, the ratio of the half-opening angle
for the two cases is evaluated as
sin D
sin PL
=
(
˙Nion,D
˙Nion,PL
)−1/N
. (35)
For the disc spectrum, the ionizing photon number flux is given by
˙Nion,D 

∫ νin
νtr
dν
LD,slimν
hν

 3.0 × 1048 m5/4BH s−1, (36)
where we approximately estimate ˙Nion,D taking account of the slim
disc component because the accretion rate is as high as m˙ ∼ O(103).
For a single PL spectrum, the photon flux is calculated as
˙Nion,PL = 4.90 × 1048mBH
[
1 + ln
(
m˙
20
)]
s−1, (37)
where the luminosity is estimated by equation (19). Therefore, we
obtain the analytical expression of the ratio of the half-opening
angles for N = 4
sin D
sin PL

 1.13 m−1/16BH
[
1 + ln
(
m˙
20
)]1/4
. (38)
This analytical expression agrees with the numerical results within
errors of 10 per cent.
In cases with the transition to the wholly neutral phase, the critical
conditions can be derived by equating rHII/rB at poles towards which
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the radiation flux is collimated,
MBH × n∞
109 M cm−3

√N + 1
⎧⎨
⎩
7.1 [1 + ln (m˙/20)]1/2 (PL),
8.0 (mBH/10)1/8 (Disc).
(39)
We note that the criterion for N = 4 agrees with the numerical
result shown in Takeo et al. (2018).
4.4 Comparison with previous studies
Finally, we discuss the environmental conditions where the super-
Eddington transition takes place. For stellar-mass BHs originated
from gravitational collapse of massive Pop III stars, various
negative feedback effects (stellar irradiation, energetic supernovae
explosions, and BH radiation feedback) evacuate gas from shallow
gravitational potential well of the host dark-matter halo and thus
likely prevent the remnant BHs from accreting the ambient gas
at super-Eddington rates (e.g. Kitayama et al. 2004; Kitayama &
Yoshida 2005; Johnson, Greif & Bromm 2007; Alvarez et al. 2009).
Even when a seed BH is embedded in a relatively massive halo, so-
called atomic-cooling halo with a virial temperature of ∼104 K,
where gas would be tightly bound in the halo potential well, BH
feedback and energetic supernovae would expel the gas at the
vicinity of the BH and shut the BH growth off (e.g. Johnson et al.
2011; Dubois et al. 2012, 2015; Aykutalp et al. 2013; Prieto & Escala
2016; Latif, Volonteri & Wise 2018; Smidt et al. 2018). Although
some studies mentioned above marginally resolve the Bondi radius
for neutral warm gas with T ∼ 8000 K, their prescriptions for energy
and/or momentum feedback injected in unresolved regions still
remain uncertain; namely, the density threshold above which the
gas turns into stars is much smaller than the critical value for super-
Eddington transitions for a heavy seed BH with MBH = 105 M.
Further studies using high-resolution cosmological simulations will
be left in future. On the other hand, stellar-mass BHs embedded in
the central gas-rich region of an atomic-cooling halo might grow at
super-Eddington rates (e.g. Lupi et al. 2016; Ryu et al. 2016).
In this paper, we have explored several cases with different
gas densities surrounding a BH. In reality, however, the boundary
conditions would be set by external influences (e.g. rapid major
mergers with other haloes) associated with cosmological large-
scale structures. In the recent decade, large-scale cosmological
simulations studying galaxy formation and evolution have been
carried out intensively, e.g. FIRE (e.g. Hopkins et al. 2014), and
Illustris (e.g. Vogelsberger et al. 2014) simulation. Some simulation
studies (e.g. Di Matteo et al. 2017; Habouzit, Volonteri & Dubois
2017) focused on the early epoch of the Universe and investigated
the relationships between growth of high-z BHs and the properties
of their host haloes. As a sub-grid model to characterize rapid
growth of BHs, the transition conditions would be applicable for
those cosmological simulations which do not resolve the Bondi
radius of the BHs.
5 SU M M A RY A N D C O N C L U S I O N S
We investigate the properties of accretion flows on to a BH with
a mass of MBH embedded in an initially uniform gas cloud with
a density of n∞ in order to study rapid growth of BHs in the
early Universe. In previous work, the conditions required for super-
Eddington accretion from outside the Bondi radius were studied by
assuming that radiation produced at the vicinity of the central BH
has a single PL spectrum ν−α at hν ≥ 13.6 eV (α ∼ 1.5). However,
radiation spectra surely depends on the BH mass and accretion
rate, and determine the efficiency of radiative feedback. Here, we
perform two-dimensional multifrequency radiation hydrodynami-
cal simulations taking into account more realistic radiation spectra
associated with the properties of nuclear accretion discs. We find
that the critical density of gas surrounding the BH, above which a
transitions to super-Eddington accretion occurs, is alleviated for a
wide range of masses of seed BHs (10  MBH/M  106) because
photoionization for accretion disc spectra are less efficient than
those for single PL spectra with 1  α  3. For disc spectra, the
transition to super-Eddington is more likely to occur for lower BH
masses because the radiation spectra become too hard to ionize the
gas. Even when accretion flows are exposed to anisotropic radiation,
the effect due to radiation spectra shrinks the ionized region and
likely leads to the transition to a wholly neutral accretion phase.
Finally, by generalizing our simulation results, we construct a new
analytical criterion required for super-Eddington accretion,(
MBH
105 M
)( n∞
104 cm−3
)
 2.4
( 〈〉
100 eV
)−5/9
, (40)
where 〈〉 is the mean energy of ionizing radiation from the central
BH.
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